
 

 
 

International Selection Exam - 2016 
 
 

Please reply to section I (Electromagnetism) and section II (Quantum Mechanics) on 
separate sheets of paper. 
 

Section I - Electromagnetism 
 

1) Maxwell’s equations and Electric fields 
a) Write down the differential forms of Maxwell’s equations in vacuum in the absence of charge and 

current sources. Show that they lead to the possibility of electromagnetic waves travelling through free 

space with a speed c = (H��P���-1/2 
 
b) An unbounded monochromatic plane wave propagates along the z-axis and the E-field is linearly 
polarised in the x direction. Show that the B-field is in the y direction and deduce the relation between 
the amplitudes of the E- and B-fields. 
 
c) A linearly polarised 100mW laser beam in vacuum has a circular cross-section with a diameter of 
1mm. Estimate the peak power of the electric field. 
 
 

2) Electrostatics and point charges 
a) Explain briefly the justification of the method of image charges used to solve problems in 
electrostatics. 
 
b) A point charge q lies on the z-axis at the point z = a. Show that the contribution of q to the electrostatic 

potential at a point P with spherical coordinates r, T��I��and r < a is given by : 

𝑉(𝑟, 𝜃) =  
𝑞

4𝜋𝜖0𝑎 [1 − 2 (𝑟
𝑎) cos 𝜃 + (𝑟/𝑎)2]

1/2 

 
c) Derive an analogous expression for the potential at P due to a point charge q’ located at z = a’ when 
r > a’.  
 



 
 

d) If both q and q’ are present show that the total potential will be zero on a spherical surface of radius 
R centred on the origin if : 

𝑞′ = −
𝑅𝑞
𝑎

         𝑎𝑛𝑑        𝑎′ =
𝑅2

𝑎
 

 
e) A point charge q is held at a distance a from the centre of a grounded conducting sphere of radius R 
( < a). What is the force between the sphere and the charge? Use Gauss’s theorem to find the total 

induced charge on the surface of the sphere. 
 
 

3) Electromagnetic waves and boundary conditions 
a) State the boundary conditions that must be satisfied by the electromagnetic fields at the interface 
between two non-conducting media. 
 
b) A plane monochromatic electromagnetic wave is incident normally on the plane interface between 
two non-magnetic dielectric media with refractive indices n1 and n2. Using appropriate boundary 
conditions show that the fraction of energy reflected is given by: 

𝑅 =
(𝑛1 − 𝑛2)2

(𝑛1 + 𝑛2)2 

 
c) Give brief descriptions of the physics involved in the phenomena of  

i) Polarisation by reflection 
ii) Total internal reflection 

(Mathematical details are not required) 
 
 

4) Waveguide modes 
a) Explain what are meant by TE and TM waves in a waveguide 
 
b) A rectangular waveguide with perfectly conducting walls at x = 0 and a, y = 0 and b (b < a) carries a 
travelling TE10 wave in which the dielectric field is represented by  

𝐸𝑦 = 𝐸0 sin (
𝜋𝑥
𝑎

) exp[𝑖(𝜔𝑡 − 𝑘𝑔𝑧)] 

Find the value of kg in terms of Z. What is the cut-off frequency for this mode if a = 2cm?  
 
c) Use Maxwell’s equations to derive expressions for the components of the magnetic field. 
 
d) State the boundary conditions which are satisfied by oscillating electric and magnetic fields at the 
surface of a perfect conductor, and verify that these conditions are satisfied by the fields in the TE10 
mode described above. 



Section II - Quantum Mechanics

In the following, H will always denote the Hamiltonian of a system, unless otherwise stated.
hOi will indicate the expectation value of an operator O in a state.

1 Time dependence of expectation values

1. Let O be an operator with no explicit time-dependence. Show that the following
relation holds for the time-dependence of its expectation value:

@

@t
hOi = i

~h[H,O]i . (1.1)

Justify each step in the derivation.

2. Which class of operators exhibit constant expectation values in time?

3. Consider the Hamiltonian

H =
1

2m
p2 + V (x) (1.2)

of a one dimensional particle in a potential V (x). Evaluate @thxi and @thpi. Interpret
the resulting equations.

4. Consider the Hamiltonian (1.2) in three dimensions. Find @thLzi, where Lz is the
z-component of the angular momentum operator L = x ⇥ p. Compare to the corre-
sponding classical relation.

2 A two-dimensional quantum system

Consider a Hilbert space spanned by the eigenstates |+i and |�i of an observable O which
we will call charge:

O|+i = |+i , O|�i = �|�i . (2.1)

Assume that |±i are properly normalized. Consider the state

|Ai = cos ✓|+i+ ei� sin ✓|�i . (2.2)

1. Is this state properly normalized? Base your answer on a calculation that you exhibit.
If the answer is yes, leave |Ai untouched. If the answer is no, compute the normalization
factor and define from here on forth |Ai to be the normalized state.

2. Find the normalized state |Bi orthogonal to |Ai. Is this state unique? Why or why
not?

3. Express the states |+i and |�i in terms of the states |Ai and |Bi. Is this always
possible? Why or why not?



4. What are the possible outcomes of a charge measurement on state |Ai, and with what
probability will they occur?

5. Express the charge operator O in terms of the basis {|Ai, |Bi}.

3 Density matrix

Recall that a density matrix ⇢ satisfies the following properties:

1. ⇢† = ⇢,

2. Tr ⇢ = 1,

3. Tr ⇢2  1, with equality if and only if ⇢ corresponds to a pure state,

4. h |⇢| i � 0 for any state | i .
The density matrix satisfies the following equation of motion:

d⇢

dt
= � i

~ [H, ⇢] . (3.1)

1. Prove that a pure state remains a pure state under time evolution, and a mixed state
remains a mixed state.

2. Consider the three dimensional Hilbert space of a system with total angular momentum
1, spanned by the eigenstates |1i, |0i, | � 1i of the z-component Lz of the angular
momentum operator. Let a density matrix ⇢ for this system in terms of the ordered
basis (|1i, |0i, |� 1i) be given by

⇢ =
1

4

0

@
2 1 1
1 1 0
1 0 1

1

A (3.2)

(a) Verify that ⇢ satisfies the properties of a density matrix listed above. Does ⇢
describe a pure state or a mixed state?

(b) What is the expectation value of Lz for a system described by ⇢?

(c) What is the standard deviation of Lz in this system?



4 Infinite square well potential and perturbations

Consider a particle of mass m in an infinite square well potential in one dimension:

V (x) =

(
0 0  x  a ,

1 else.
(4.1)

1. Compute the normalized eigenfunctions and corresponding energies of this system,
justifying all steps.

2. Consider the perturbation

Vpert =

(
V0
a x 0  x  a ,

0 else.
(4.2)

Here, V0 > 0. Calculate the shift in the energy eigenvalues in first order perturbation
theory.

3. Consider the unperturbed infinite square well potential (4.1). Assume now that the
particle of mass m carries a charge e. At time t = 0, a uniform electric field is turned
on in the direction of increasing x, for a short time ⌧ , and then turned o↵ again. Use
time-dependent perturbation theory to calculate the probability that at time t � ⌧ ,
the particle has transitioned from the ground state to a fixed excited state. Can you
deduce a selection rule?


